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Probabilistic aspects of strength of
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In the previous paper [ 1], the stress distribution and the expected number of successive
fibre breakages around broken fibres were calculated. It showed the following results. The
fracture process that the crack originates from one isolated broken fibre and propagates
due to the stress redistribution following the fibre breakage is unlikely to occur in the real
unidirectional fibre-reinforced composite material. The matrix-failure is considered to
play an important role in the fracture process of real composite materials. In the present
paper, the stress (or strain) distribution and the expected number of successive fibre
breakages around broken fibres are calculated when the matrix-damaged regions exist.
The stress (or strain) distribution is obtained based on the three-dimensional hexagonal-
array shear-lag model. Uniform shear force is assumed to occur in the matrix-damaged
region. The expected number of the successive fibre breakages is calculated on the
assumption that the flaws in the fibre follow a Poisson process.

1. Introduction

Probabilistic aspects of the strength of composite
materials have been studied by many workers.
Some have paid attention to the scatter in fibre
strength and have attempted to understand the
behaviour of composite materials from micro-
mechanical standpoint. In order to obtain the
probability of the fracture stress, they intro-
duced some assumptions to the load redistribution
around the broken fibres, for example, ELS
(equal load sharing) rule [2] and LLS (local load
sharing) rule [3]. However, these assumptions are
not realistic and may lead to a fracture pattern
that does not occur in the real composite.

In order to clarify this problem, the fracture
mechanism was studied based on the more realistic
stress model in the previous paper [1]. The stress
distribution around broken fibres was calculated
on the three-dimensional hexagonal-array shear-lag
model [5] and the expected number of successive
fibre breakages was obtained on the assumption
that fibres break at the flaws which follow a
Poisson process in space. It shows that the
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expected number of flaws which break due to the
stress increase in the neighbouring fibres is very
small compared with not only that of LLS rule
but also that of the flaws breaking under the
initially given uniform strain and presenting within
the distance ¢{* in the adjacent fibres. {* is the size
of the region of increased stress (or strain) in the
neighbouring fibre. Therefore, multiple fibre
breakage is essential for the fracture process of real
composite. In the present paper, the matrix failure
is assumed to occur if the shear force between a
broken fibre and its neighbouring one exceeds a
certain level. The strain and the expected number
of successive fibre breakages are calculated on the
same assumption as in the previous paper [1].

2. Theory

2.1. Displacement and strain around
broken fibres with matrix failure

Consider an infinite unidirectional fibre-reinforced

composite as indicated in Fig. 1. Displacement

and strain around broken fibres are analysed on a

hexagonal-array shear-lag model when matrix
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Figure 1 The analytical model; (a) hexagonal-array shear-lag model and its coordinate system. (b) free body diagram as

a typical element.

failure exists. Both the fibre and the matrix are
assumed to be linear elastic except the matrix-
damaged region. The coordinates and a typical
element are shown in Fig, 1.

The axial force pp,.(z) supported by (m, n)
element is assumed to be expressed by using axial
displacement w,,,,,(z) of the fibre centre as

dwmn
dz

pmn(z) - ELAE U)
where Ep, and Ag are Young’s modulus of the
composite in the fibre direction and cross-sectional
area of an element respectively. Shear force g%/, (z)
between elements (m, n) and (k, ) is assumed to
be given as

{Z}ﬁgn(z) = G*(Wki —Wmn) (2)

where G'[= Gyp/(3)'?] is an equivalent shear
stiffness and is determined so that the shear
modulus of the present model coincides with that
of real composite Gpp (see [1]). When the (k,7)
element is not adjacent to the (m,n) element,
q,’ffn is zero.

The equilibrium equation of this system is
written as

dp (m,n)
mn kl -
—+ Z Jmnl2) = Smn(2) 3)
dz o)
{myn) Qr .
where (kil) dmn indicates a summation as
{m,n) k1 +1 m-1 +1
— m W2 -1,n m,n
z Qmn = 9mn +an +an
(&,1)
Famn T g T g (@)

and fp,,(z) is the term which is induced by the
defects (fibre breakages and matrix failure) in the
composite [4].

In the matrix-damaged region, the matrix is
assumed to support a constant shear force ¢ which
is independent of the relative displacement. When
the fibres break at the positions {{(z;, m;, n;);

i=1,2,...,N}, finn Is expressed as
(m,n)
frn(®) = ¥ QM@ I.@)
o)

N d -
+ EpAg 'Zl 5i'nmj5nnj g; {6(2 _Zj)}W? (5)
j=

where

Omin(@) = W 1amn()1 =7 Il sign [gmn(2)] (6)
‘:6;) =3 Ahmo [ij nj(Z}‘ +4)— Win; nj(zi —A)]
Q)
A Az0
a4 =
0 A<0
1 A>0
signd = 0 A=0
—1 A<O
1  in the matrix-damaged region
Iiin(2) =
0 all but above region

dmn

{1 m=n
- 0 m*En

and 5(z) is Dirac’s delta function.
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Substituting Equations 1 and 2 into Equation
3, a following difference-differential equation for
Wpn is obtained:

(m,n)

+G* Z (Wkl_wmn) = fmn
(k1)
®)

Equation 8 is rewritten in a nondimensional form
as

d*w
E A mn
LEE 422

d2 wmn (m,n)
—a;z—-l' (kzl) (Wkl_‘ Wmn) = Foun (9)
where ,
(m,n)

N
Fun®) = % QBT+ Y S, Sun;
D =1

d 0
X% 8¢ — W, (10)

i) = Onh(@)[e(G'Er4r)?] (11)

WP =} iiino{wmmj(g,- + A) = W, (55 — A)}
(12)

¢ = {[CHELAR)V?}2 (13)
Wonn(©) = {GTEL AR €.} Wann(2) (14)
Smn(®) = Pmn(@)/(ErAxe.) = dW/dS (15)

and €, is a strain given at { = £ oo,
Boundary conditions are

Smn = 1
for all fibres, and

(16)

Smjnj(fj) =0 (17)

for broken fibres (j =1, 2, ..., N).

Instead of solving this problem based on the
above boundary conditions as shown in Fig. 2a, a
superposition principle is applied as shown in Fig.
2. The solution of Fig. 2b is self-evident and
Wpan = ¢. Therefore, only the solution of Fig. 2¢
is required to be solved. R

Let us introduce auxiliary functions W(%, 6, ¢)
and F(¢, 6, ¢), which are expressed by W,,(¢) and

Frn(§) as
WE.00) = L L Wnl®

=—00

x exp [~ i(m8 + no)] (18)
FG.o) = T L Funl®
xexpl= im0+ ng)] (19)

W, Wpn and F, F,,, are pairs of Fourier trans-
form, respectively, so that W,,, and F,,, can be
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Figure 2 Superposition principle.

expressed by Wand F as

2
Wonn(6) = (2—17;) [ AX)

x exp [i(m8 + n¢)] d do (20)
2
Frun(©) = (2—1”—) [" 1 Bg.o0
x exp [i(mb + n¢)] d6 do 21D

The matrix failure is assumed to occur only in the
regions 1§ —{;| <oy around the broken fibres as
shown in Fig, 3. Substituting Equation 10 into
Equation 19, F is written as

R N !(mj,nj)
F,0.¢) = X ( T OB UGy —18—5D
i=1 \ (kD)

x {exp [i(m;0 + n;¢)] —exp [i(k0 + I9)]}

+w {i 5 — fj)} exp [i(m;0 + ”J'¢)]) (22)
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Figure 3 A sketch of matrix damaged region.




where

1 ¢20
vy = {0 (<0
Substitution of Equations 20 and 21 into Equation
9 gives
(h) iy [352 W _ﬁ}
x exp[i(m0 + n¢)|ddde = 0 (23)
where
A0, ¢) = {2[3 —cosf —cos ¢ —cos (6 —¢)]}.
29

As Equation 23 holds for any pair of (m, n), the
following equation is obtained:

(25)

As Wis finite at { = + oo, the general solution of
Equation 25 is written in an integral form as

W6.0.6) = —o= [ _exp[~ It —s]

N -
X ﬁ(s, 0, ¢)ds
N
= 2 {Wsign (¢ —§)
i=1
x exp [~ A& — &1+ i(m;0 + n;9)]}
o)
mjnj

xexp[—AlE—sl]ds
x {exp [i(m;0 + n;¢)]
—exp [i(k0 + 19)]}

Therefore, the displacement W,,,(¢) is obtained
by substitution of Equation 20 into Equation 21.
The strain S,,,,(¢) is written by using W(¢, 6, ¢) as

Sn§) = 1+ (51;) [

X exp [—i(m8 + ng)}do dé.

(26)

27)

However the unknown quantities W0 and
Q ; are included in the solution of W(Equa’mon
26) These values are obtained so that W,, and
Smn satisfy the boundary conditions at the
positions of the fibre breakages and on the matrix-

damaged regions, respectively. Considering
Equations 6 and 17, the boundary conditions are
expressed with W as

S

x exp[—i(m;0 + n;9)}dodp+1 = 0 (28)
O} = 1 1 Wy — Wiy | — Ol sign (Wit — Winn)
(29)

where

2
Winjny = Wiy = (51—1;) f_: j_",ﬁ/{exp [—i(m;6
+ n;¢)] —exp [—i(k6 + Ip)]} dOdp. (30)

2.2. Probabilistic properties of fibre
strength and expected number of
fibre breakages
Fibre strength depends on the flaws in the fibre,
that is, the fibre breaks at the flaw position when
tensile strain exceeds a certain level which depends
on the flaw size. The location and the size of the
flaw in the fibre are probabilistic quantities. The
probabilistic properties of the fibre strength can be
obtained when those of the flaw are given. Now,
we introduce an assumption that the existence of
the flaws follows a Poisson process in space, that is,

1. The probability of the existence of the flaws
does not depend on the existence of any
other flaws.

2. The probability of the existence of more
than one flaw in the same position can be
neglected.

If the above assumptions are valid, the only quan-
tity characterizing the probabilistic aspects of the
fibre strength is the expected number ug(€) of the
flaws breaking under a strain smaller than € and
existing in a wunitlength fibre. The quantity
up(€) is determined from the probability distri-
bution function F(e|L) of the breaking strain of
the fibre whose length is L. The probability that
the fibre does not break under a strain € is written
as 1 —F(e|L). This probability is equal to the
probability exp[— Lug(€)] that no flaw breaking
under € exists in the fibre. Therefore, up(€) is

written as
pp(e) = In[1 —F(elL)]/L. (31)

When the fibre breaking strain is ruled by a two-
parameter Weibull distribution, ug(€) can be given
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Figure 4 Change of the strain in the fibre.

in a power form of (e/er,) as
ur(e) = (efer)/L

where 7y and e, are a shape parameter and a scale
parameter, respectively.

When the strain in the fibre changes from
€0(z) to €1(z) as shown in Fig. 4, the probability
P(eqlep) that the fibre breaks in the region [zy, z,]
is obtained in the following way. In the infinitesi-
mal region [z,z+dz], the expected number
#s(z)dz of the flaws breaking under above strain
change is written as

u(2)dz = ||l prie(2)} — urieo@)} lll. (33)
The expected number k; of such flaws existing in
the region [z, z,] is given by the integration of
Equation 33:

(32)

Ke = f:zuf(z)dz = f: It up{er(2)}

— upieo(2)} llldz. (34)

When the breaking strain of the fibre follows
Weibull distribution, Equation 34 is rewritten by
using Equation 32 as
¥
&)
€y, {

,,
1 (%
10 -t

As the flaw follows Poisson process, the prob-
ability Pg that no such flaw exists, in other words,
that the fibre does not break, is written as

dz. (35)

Ps(erl€0) = exp (—ky). (36)
3. Numerical analysis

It is almost impossible to obtain the solution of
general cases expressed in Section 2.1, so that the
special cases that the fibres break at { = 0 and the
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matrix is damaged in the region —a<{<a
around the broken fibres are solved,

In the case of a single broken fibre, equation of
Wo=W), TQ)(= Tfﬁ’,-nj(i’) = Woo(§) — W1o($))
and Q) (= Ql‘n’j n;(§)) are lead from Equations
28,29 and 30 as

W, = [1+f:B(s)Q(s)dsJ/A

o) = T() — BT (e)

37)
(38)
oT() = WeBG)+ [ CE—5)0()ds (39)

where
2
1\ 77
4 = (EE) [ ], naoas
1 2 ki Kig

BG) = (5;) [ L% exp (=121 00 06

. |

T i 7\3
) = (511;) [ j_ﬂ'z-éxp (— 1D a0 dg.

(40)

These integrals are executed numerically. The
integrals for 8 and ¢ are accomplished by a Gauss-
integral method which has eight integral points in
each direction. Equations 37, 38 and 39 are
rewritten into simultaneous equations for W,
Or (= Q(kAs)) and T;, (= T(kAs)) by replacing
the integrals in the above equations with a sum-
mation forms according to the numerical integral
method.

When more than one fibre is broken, the
external terms W) and Q.. are calculated with
an iteration method. The initial values are given
by the use of the solution of one broken fibre
case. The flow chart of this iteration process is
indicated in Fig. 5. The parameters in Fig. 5 are

2
1 TN
Ajl = (5;).[-71' f—-ﬂ')\
exp {ilm —m)0 -+ (ny— ) g1} 40 o
B;nn{rrllqu(f) = Gm;-mj,nla-an)—Gp—mj,q~nj(§)
Crirnipa®) = Humpominyn;€) — Hp_my q-n; ©)
-Hml—a,nl-a(f) + Hp—a,q-b(g‘)
Drr;‘:}nn](;) = ij—m,nj—n(g-)
Errnnjnnqu(g‘) = Hmj-m,nj—n(f)—_Hpn—m,q—n(f)
(41)



Figure 5 Flow chart of the iteration process.

the boundary condition at (=0

{Wjo]o and {Qﬂjnj(C)}o are calculated from the solutions
Wmn and Smn of the one broken fibre case to satisfy

Mimhy

{ m,n,(g)}n = [{ Brrrr‘al,:llab(g)} {Wlo}n
[ e (6-5) {Qbmy

(pq)

(G (Ol =H T (D)= 8 M3
(pq)

§ AW,= - | a9 (GBS, ds

(S)}n4ds]

max{ Tod ()}, [l

!

£ 1{WPin-{wp) ,,_1f<e,.>”:1{w9}n1
”‘ ””J QBT }n-

j= 1(pq) m "‘1 }ﬁ—1|d5<82

8
J'I(Dq)r”Qm i “Ids

1

Wnn(0)= c+>;[ DmnSH{WP},
(Pq)J Emynqu(c s){quj(s)}nds]
Smn(§)=148 [ S-{DImCHW Y,

1’pq DI—Z _{Emjnqu(c s)}{QEn?nj(S)}ndS]

gmn
Wi = T 0S¥~ 10 s

where )
- (11

x exp [— Al¢I+i(mb + ne) db do

2
1\ ("o
Hin®) = (E) [
x exp[— ¢+ i(mb + ng)]dode

In Equation 41, (m;, n;) and (m;, n;) mean those of
the broken fibres. The values of 1 x 10”7 and
1 x 107 are taken as permissible errors €; and €,
shown in Fig. 5, respectively, for present analysis.
The difference is of the order of 107* in S,,,
(m, n £ 4) between two cases; the first is the case
that the integral region [—m, 7] x[— =, 7]

divided into 4 x 4 and the other is the case that
the region is divided into 2 x 2 regions. Therefore,

the latter (2 x 2 regions) is adopted because of
computer time. The increment As=0.05 is
chosen in the present paper.

4. Numerical results and discussion

In the preceding sections the equations for this
problem are obtained, neglecting the effects of
transverse displacements. Solving these equations
numerically, the nondimensional strain in the
fibres and the nondimensional shear force between
the neighbouring fibres are obtained. Then, the
expected numbers of successive fibre breakages
around the broken fibres are also calculated with
the use of the strain in the fibre.

The nondimensional strains S;o(¢) and S34(5),
and the nondimensional shear force ggg(t) are
shown in Figs. 6, 7 and 8 when one fibre is broken
at m = n = ¢ = 0. The case that the reaction force
in the matrix-damaged region is assumed to be
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Figure 6 Nondimensional strains §,,(¢) and S,,(¢), and
nondimensional shear force g} (¢) for the case g = 0.

ze10 (B = q/qyax = 0) is shown in Fig. 6. In Fig. 6a,
S1o(t) is shown as a function of ¢ for various
values of a. The maximum value of Sy,(¢{), which
appears at { = a, decreases with increasing . In
the region { > «, S10(¢) decreases rapidly, becomes
smaller-than 1 (that is, unloading regions appear)
and gradually converges to 1. The coordinate ¢Jo,
where S1o(¢j0) =1, increases with a. S11(%) is
shown in Fig. 6b. |.§1,(¢) — 1| is much smaller than
I816($)— 1|. For small &, §1;(¢) gradually decreases
even in the region { < a. However, $1,({) increases
in the region {<1.1 for a=16. As o becomes
larger, the maximum value of S,({) increases for
a<04, but decreases for a«>04. The ratio
between maximum strain changes in (1,0) fibre
and in (1, 1) fibre increases with a. The shear force
gtd(®) is shown in Fig. 6¢c. As =0 is assumed,
g =0 where {<a. Its maximum value is
almost independent of & (g59(c) ~ 0.42).

In Fig. 7, S10(%), S11(¢) and g8d(¢) for the case

Figure 7 Nondimensional strains §,,(¢) and §,,(¢), and
nondimensional shear force g4 (¢) for the case g = 0.5.




B =0.5 are shown as a function of { for various
values of «. The maximum of Sy({) appears at
£ =0. S;o(%) decreases gradually with { where
¢ < a. In the region ¢ > @, S10(¢) rapidly decreases,
becomes less than 1 and converges to 1 finally.
S11(9) has a tendency to decrease gradually in the
region ¢ <« similar to S1o({), and shows a trend
similar to Sy;(¢) for the case §= 0. gdd(¢) is also
shown in Fig. 7c. It is noteworthy that the maxi-
mum of giS(¢), which appears at { = a, gradually
decreases with increasing . g3a(%) iS Gumax/2 in the
region ¢ < a because § = 0.5 is assumed.

—
—

510(0), Sipla)

0 1 a 2
Figure 9 Nondimensional strains §,,(0) and S,,(a) for
£=0,0.5and 1.

Figure 8 Nondimensional strains S,,(¢) and §,,(¢), and
nondimensional shear force g}g(¢) for the case = 1.

S10(6), S11(©) and g§d(¢) for the case f=1 are
shown in Fig. 8. These figures show similar trends
to the case § = 0.5.

S10(0) and S;o(er) are shown in"Fig. 9 as a func-
tion of o for $=0, 0.5 and 1. As mentioned
above, S10(0) and Sio(a) (except Syoa) for the
case §=0) decreases with increasing . S10(0)
increases with B, but on the contrary, Sjoc)
decreases with increasing 8. For §=0, Syo(c) is
greater than §40(0).

Gmax is shown as a function of « in Fig. 10 for
=0, 0.5 and 1. As mentioned before, gp,, for
the case § =0 is almost independent of a. The
greater § becomes, the faster gp,,, decreases with
increasing . These results are very interesting and
important because of the following reasons. If
B = 0, the matrix-damaged regions spread infinitely
when the load exceeds a certain level that the
matrix failure arises. If §# 0, a value of « exists

10

0.05 1 1 1 1 A
01 02 04 08A16
Figure 10 Maximum nondimensional shear force forg = 0,

0.5and 1.
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Figure 11 Broken patterns of fibre.

corresponding to the external force. If the load is
set constant (that is, gmyay is set fixed), o for the
case § = 0.5 is greater than that for the case § = 1.

Results are obtained when more than one fibres
are broken neighbouring each other. However, the
results for the case § =0 are unrealistic and those
for the case § =1 possesses the trends similar to
those for §=0.5, so that only the results for
B =0.5 are shown hereafter. The broken patterns
calculated are shown in Fig. 11. The value g, is
plotted in Fig. 12 as a function of M (number of
the fibres broken adjacent to each other) for
various a. It increases with M. This phenomenon
means that the matrix-damaged regions spread
noticeably as the flaw size grows. Furthermore,
the chance that the broken fibres are linked to
each other increases with the flaw size M. The
value gpa is also shown as a function of o for
several flaw sizes M in Fig. 13. It decreases with
increasing o for M > 1, too.

The expected number k,,, of successive fibre
breakages around a broken fibre is shown in Fig.
14 as a function of a for §=0.5. The shape
parameter vy of the fibre strength is assumed to
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Figure 12 Maximum nondimensional shear force as a
function of flaw size M for various a.

be 5 in the present analysis. This value is reason-
able for glass or carbon fibre. At first, k o increases
with @, but begins to decrease at a =~ 1 because of
the combining effects of decreasing maximum
strain and increasing the size ¢io of the region of
increased strain. The displacement W, where a
fibre is broken is also shown with a chain line in
this figure. W, increases in proportion to ¢. This
phenomenon is very important because the strain
in the fibre apart from the broken one is propor-
tional to W,. Therefore, k,,, increases almost in
proportion to ¢, when the fibre locates distant
from the broken one.

The expected number % k., of successive
fibre breakages occurring in the surrounding fibres
is shown in Fig. 15 for several values of a. It

1

L

=05

|

J
I

05

0.2¢

g max

01F 4y Flaw Size

00557 02 04 o816

Figure 13 Maximum nondimensional shear force as a
function of « for various flaw sizes.



1-Broken Fibre ( p=05,v=5)

L , 1 L . N . O

Figure 14 The expected number «,,, of successive fibre
breakages for one broken fibre and the displacement W,
of the (0, 0) fibre at ¢ = 0.

increases faster than M, and is approximated as
Y Kmn =~ Cyy M* (42)

Cy and k(> 1) are constants. This means that
the probability, that a flaw grows, increases with
the flaw size.

5. Conclusions
The strain in the fibres around the broken fibres
with matrix failure is calculated based on a

30 8=0
- B=05
D y=5

S 5t
v 4
o] 3
W o =0
2 a =02
o U=04
g e =0.8
1 i ] ] L A1 1 L1
1 2 3 4567410

Figure 15 The expected number I k,,, of successive
fibre breakages as a function of flaw size M for various «.

hexagonal-array shear-lag model, and the expected
number K,,, of successive fibre breakages is
obtained with the assumption that the flaws in
the fibre follow a Poisson process. From these
analytical results, the following conclusions are
obtained.

1. The strains (S10(0) and Syo(a)) decrease
when the size a of the matrix-damaged region
becomes larger except S1o(e) for the case § = 0.

2. Strain increasing region extends noticeably as
o becomes larger.

3. For the case § = 0, the maximum shear force
max is almost independent of a. It means that the
matrix failure progresses infinitely. However, for the
case B#0, gmay decreases with increasing a. It
means that a size of the matrix-damaged region can
be obtained uniquely if an external force is given.

4. The maximum shear force gma. increases
with flaw size M.

5. The expected number k,,, of the fibre break-
ages apart from the broken fibre increases in pro-
portion to the displacement Woat m =n =¢ =0.

6. If the size « is small, the expected number
2% Kmn around the broken fibres increase with a.
However, if the size o becomes large, Z% Kun
begins to decrease due to the decreases of the
maximum strains.

7. =Y Ky increases rapidly when the flaw size
M becomes larger. It means that there is a critical
flaw size that the probability of the fracture can
not be neglected.

The results obtained in the present paper can be
basic data for the calculation of practical prob-
abilistic quantities of the strength of the compo-
site materials. The practical probabilistic quantities,
that is, asymptotic formula of the probability dis-
tribution function, of the fracture strain will be
calculated in a coming paper.
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Appendix: Homogeneous and orthotropic
model

A strain around broken fibres is also obtained with

the assumption that composite materials are
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homogeneous and orthotropic. When the trans-
verse displacements are neglected, an equilibrium
equation is written with the use of an axial displace-
ment w as

’w  *w d*w
Giol—+—|+E, — = .

LT (axz ayz) L dz? f(x’ Y, Z)
(A1)

The function f(x, y,z) in the right-hand side is
induced by the defects in the composite. Equation
Al is rewritten in a nondimensional form as

a?w  a*w  *w

_ | L [Cux)"”
W—{M%Lﬁ)]w (43)
z \1/2
Ezz,n=1,g=iFﬂ (A4)
Fo Yo Fo EL

where 7r¢ = Ag. When matrix failures occur in the
region around the broken fibres, F(§,n,¢) is
written as

N

F(gm,0) = 2

j=1

[w,.(g, 7 U1 — p) Sag {6¢ — &)}

0
+Q@m£ﬂﬂ%—K—QD&ﬂﬂp-n4

(AS)
Wik, n) =3 iiinO[W(E, n,¢+ A)— W n§—4))
(A6)
0;(t,n8) = 1 iiiﬂo W+ A,0,9)
— W(p — A, 0, 6)} (A7)
p? = (=g} +(n—m)®, tanf = nft

Application of the theory of Green’s function
gives the solution of Equation A2 as

W= J[[ Fen e gt ana

N
- L5 comien)

kg

§—¢ b .
X[ R? i"=§'jp dp'df +L§—§;I<ajj_w ®j(§,9)

[p cos(@—0)—p’
X FE

J, d0'd§'} (A8)
p=1

R = p*+p™ —2pp cos (0—0')+ (& —¢')

The differentiation of W by ¢ gives a nondimen-
sional strain as

aw 1 X .
B D [T

R2 =3¢ ? ' ' an?
x {——(-f—gl} p'dp'd8
R =t

* ﬁ§—§j|<&jfjﬂ®f(§” 6"

3{pcos(B—0)—p}E —¢") ) iot
x[ IE L’=1 dé di’}

(A9)

The first term of S decreases in proportion to R™3,
and the second term decreases in proportion to
R™5 when |{ —¢;| is not large,* so that stain can
be approximated with the first term alone when R
is not small.
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4

=0 do ~ kR~

J‘" pcos(@—0')—p
-7 RS

where

R, ={1+p*+2pcoso+ (¢t —¢)]V7,

584

ja 407 c0870 Z RiIRZI_ (R, + RORS + RY)
2
p=l
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